Abstract. We propose a numerical strategy for predicting the nonlinear response of suspended bridges subject to aerodynamical loading conditions, directly implemented in the common CAD scripting language Python, without interfacing with any external tools, and tested on Autodesk Maya. This work addresses the problem of the simultaneous design and simulation, and in case, health monitoring, of complex structures undergoing highly nonlinear behaviour within times that are comparable with the 3D solid generation and rendering.
captured via a 1D beam model. Additionally, one dimensional beams are employed in topology [4] , where a reduced model allows integrating optimization procedures directly into a CAD environment. In the same context of nonlinear dynamics of slender beams, in [5] a numerical strategy has been developed in MATLAB and directly coupled with a versatile and general-purpose FEM softwares like COMSOL MULTIPHYSICS.
Contribution Our proposed strategy implements the reduced model presented in [3] within a unique Python environment working for both 3D geometric modeling, structural analysis, and graphical rendering of suspension bridges, allowing designers to comfortably generate models and, within times comparable to the model generation itself, getting back the nonlinear dynamics response under varying in time loading conditions. Such strategy has been fully integrated into Autodesk Maya, where not only engineers, but also the entertainment industry may exploit its results for the structural response, as our implementation is based only on Python and may be integrated immediately into other CADs such as 3ds Max, Abaqus, or Open CASCADE SDK.
Outline The manuscript is organized as follows. In Section 2 we introduce the nonlinear one-dimensional beam model, utilized then in Section 3 to solve the reduced problem via a Galerking approximation. The numerical results are nally highlighted in Section 4, where the suspension bridge is analyzed subject to wind velocity. 2 Nonlinear beam model
The One-Dimensional (1D) beam model is obtained as reduction of a Three-Dimensional (3D) model through a geometric procedure which obeys to a series of kinematics assumptions accounting for the nonlinear nature of the bridge strain elds. In particular, we follow the theory of suspension bridges deforming in 3D space described in [2, 3] , where the strain is rst dened with respect to both reference and deformed 3D congurations, and then reduced to a 1D beam-type space. Kinematic assumptions are nally corroborated by mechanical hypotheses of the linearization of the equations of motion with respect to the deformed beam conguration.
It's worth mentioning that we limit here the description of the loading conditions to the case of aerodynamic loads. Although it's straightforward to introduce in the nonlinear beam model both autonomous forces (e.g., aeroelastic loads) and non-autonomous dynamic forces (e.g., trac-induced excitations), as widely argued in [9] the dynamic aeroelastic instabilities is one of the key point in analysis and design of suspended bridges. In line with the actual purposes of the present work which addresses to CAD numerical issues, we then give in this Section just a brief description of the nonlinear beam model, remitting to the references here reported.
Kinematic and geometric assumptions
The reference conguration B of the deck-girder is represented by the position vector of the base line (i.e., the centerline) described by r = x e 1 as pictured in Figure 1 , with x ∈ [0, l], l being the longitudinal length of the bridge, and by the set of directors (b 2 , b 3 ) = (e 2 , e 3 ) giving the orientation of the cross section (see Figure 2 ).
A material point of the deck-girder system in the conguration B is then represented by x = r + s ,
where s = x 2 b 2 + x 3 b 3 is the position vector of the material points of the cross section with respect to the base point.
The two suspension cables are supposed to be positioned in the elastic catenary equilibrium state under their own weight, so that each point of the cable corresponds to where x ± = r ± b /2 e 3 +a e 2 is the position of the two systems of vertical hangers (distinguished as ±) anchored to the deck, b and a being the distance between the hangers and the vertical distance between the center of mass of the deck-girder cross section and the upper (structural) plane of the deck, respectively. In (2), h(x) is a continuous function that describes the undeformed length of the hangers according to h(x) = h o + y c (x), with h o being the height of the towers above the deck, and y c (x) the function satisfying the catenary equilibrium:
H c being the horizontal component of the tension acting in each cable, whose mass is m c . The interested reader can nd in [9] all the details to formally obtain the above equation.
Equations of motion
The suspension bridge problem is obtained by linearizing the set of reduced (1D) equations that govern the nonlinear (3D) motion of the structure. In particular, we assume the inextensibility of hangers, as they don't appreciably aect the bridge response due to their signicant elasto-geometric stiness with respect to those of the whole bridge (see [9, 3] ). The introduced constraint leads to treat the hanger tensions as reactive forces in the equations of motion. We further assume the bridge to be unshearable, thus neglecting the shear stiness terms referred to the deck-girder.
Then, the governing equations are cast in non dimensional form by using the deck span l as characteristic length and 1/ω b = ρA l 4 /EJ 3 as characteristic time, where ρA is the deck-girder mass per unit length, and EJ 3 is its bending stiness about the local axis b 3 . The other non dimensional variables and parameters, concerning both inertial and stiness terms, are listed below:
where (EA) c , (EA) h , and EA denote the axial stiness of the suspension cables, hangers, and deck-girder, respectively; GJ 1 is the torsional stiness about b 1 ; nally, (ρA) c = m c /l c is the cable mass per unit length, denoted by l c . The non dimensional damping coecients used are:
c 1 being the damping coecient of the torsional motion, c 2 and c 3 the damping coecients of the exural motion along e 2 and e 3 respectively, according to the following expression [3] : c i = 2 ζ i ω i m i , for i = 1, 2, 3, with ζ i being the damping ratio along the ith axis direction. Consequently, from now on all the geometric quantities (namely x, y c , b), and the displacement eld u j will be considered as divided by l, while the time variable t multiplied by ω b , so that the non dimensional equations for span-wise uniform bridges turn out to be
The overdotḟ denotes dierentiation with respect to non dimensional time, i.e.,ḟ = 1 /ω b (∂ t f ), whereas the prime f indicates dierentiation with respect to the non dimensional space coordinate, i.e., f = l(∂ x f ), for any function f (x, t). The space and time-dependent external forces are represented by λ 1 , λ 2 and λ 3 , bridge weight included.
Aerodynamic loads
The aerodynamic loads, obtained from the nonlinear quasi-steady formulation, allow the system of governing equations to be integrated in the time domain. Following [3] , the aerodynamic loads are represented by 
Here F 2 (x, t) is the projection along the reference axis e 2 of the aerodynamic non dimensional lift L(x, t) and drag D(x, t) while F 3 (x, t) is the projection along the reference axis e 3 . The aerodynamic forces depend on the eective angle of attack α e expressed as:
whereŪ is the non dimensional wind speed dened asŪ = U w /(l ω b ), neglectingu 3 (x, t), while α o is the initial wind angle of attack. The function α w (x, t) in (8) represents the instantaneous angle between the direction of the free-stream speed U w and that of the relative velocity of the bridge with respect to the ow.
Thus, the nonlinear expressions of the aerodynamic loads read:
where P = 
Note that the aerodynamic forces are modelled by including the frequency-dependent unsteady aerodynamic characteristicsnonlinear functions of the eective angle of incidenceand are based on a nonlinear functional form accounting for viscous ow, thickness eect, and large ow separation at varying angles of incidence.
To obtain the corresponding coecients of such forces, CFD (Computational Fluid Dynamics) programs are needed: the present values are deduced from the wide numerical campaign conducted in [2] , where the reader can nd all the specic details. More specically, the computations are performed by two of the most used CFD commercial softwares, i.e., FLUENT by ANSYS, and DVMFLOW by COWI, which in [2] are validated and compared each with other.
The aerostatic coecients associated with lift, drag, and aerodynamic moment exhibit a nonlinear behavior even at moderately large angles of attack. The best polynomial tting for the aerostatic coecients associated with drag, lift and aerodynamic moment includes terms up to fth order. Therefore, the expression of the 
Finally note that one of the key input parameter is U w , which has to be intended either as a xed velocity or a prescribed function of time for simulation purposes.
Stress recovery
The following constitutive equations allows us to recover stress distributions in the beam, listed as axial stress components and bending moment's, respectively:
with ν and ν ± being the stretch strains of the deck and of the cables, respectively, while µ i for i = 1, 2, 3 are the curvature strain components. In this context, we are working under the assumptions of an Euler-Bernoulli model, where shear strains are taken identically zero, i.e., we assume the unshearability of the deck-girder.
Thus, the shear stress components are neglected in (12) , and are obtained from the corresponding equilibrium equations involving the x-derivatives of bending moments. Such an assumption is supported by the fact that the boxed-type cross section and the high exural compliance of the structure allow to neglect shear deformations in the deck. This point has been widely argued and proved in [9] , and it leads to an EulerBernoulli beam model, rather than a Timoshenko's one. The present computational framework, although explicitly implemented for the former model, could be easily extended to consider the latter. Computational costs increase moderately, in reason of the fact that the discrete equations of the numerical problem are derived through a reduced order model of a Galerkin approximation, as detailed in Sec. 3.
The strain measures are deduced within a linearization process imposed in a generic deformed conguration
B,B
± (see Figure 1 ). The linearized rotation matrix is:
while the linearized deck-girder stretch, shear strains, and exural curvatures are respectively given by:
The linearized exural rotation angles and exural curvatures that take into account the unshearability constraint (i.e.,η 2 = 0 =η 3 ) read:
Cables' linearized stretches are given by
while, by linearizing also the kinematics of the hanger attachment points to the deck, the cables' displacements can be expressed as
3 Implementation
Galerkin approximation
We recast the equations of motions (6) in a vectorial form as
where
is the vector collecting the three kinematic elds;
, 1 and C = diag c 1 ,c 2 ,c 3 are the diagonal matrices of mass and damping, respectively; nally, s w(x, t) assembles all the remaining nonlinear terms in (6), depending on the kinematics descriptors w i (x, t) and their spatial derivatives.
Within a standard weak formulation, using a Galerkin approximation for a problem reduction in the eigenmode space of n eective eigenmodes, i.e. discretizing w as w(x, t) = Ξ(x) q(t), with
and considering ξ k (x) = sin(k πx) for k = 1, 2, . . . , n, the resulting discrete form of the equation of motion (18) , turns out to be
which correspond to a standard modal separation.
The equation (19) is then solved by a Runge-Kutta scheme, suitably rearranging them as ODEs as follows:
In addition to kinematics, we also consider modal analysis in our computations. Limiting to the initial conditions of the rest conguration and imposing q(t) = v exp(i ω t), the eigenvalue problem derived from (19) turns out to be ω 2 M v = K v, with K being the initial stiness matrix.
Up-scaling operators: from 1D to 3D
The discretized beam axis then denes a graph, or a one dimensional cell complex [11, 13] , upon which, embedded in R 3 , we construct the whole geometrical model of the bridge, as well as mapping physical elds from the domain to the three dimensional euclidean space.
Deck cross sections and bridge cables are generated by a map c : x i → S i × C i , where S i is the polygonal cell complex modeling the deck cross section, and C i represents the cable cross sectionusually assumed as S 1 , i.e., a circle. By extruding S i , we reconstruct the whole bridge deck, and similarly, the extrusion of C i produces the cable geometry. Additionally, hangers H i are considered separately by extrusion of a hanger cross-section along the normal to the deck surface, and connected to both the cable and deck; we remind the reader that hangers are homogenized in the physical model, and rigidly attached to the deck (cf. Section 2.1).
Hence, the union of cables, hangers, and deck sections yields the full geometric representation of the bridge (see Figure 3 ). The deformed shape of the bridge, retrieved upon solving the mechanical problem for each time step, is therefore obtained by applying translation u and rotation φ tensor eld maps collected in the solution eld vector w(x, t) to S i × C i . 4 Numerical results
The entire suspension bridge is parametrically generated starting from few data, i.e. l and b, deck span and width, r c and r h , cable and hanger radius, respectively. For simplicity's sake, the generation of the bridge cross-section presently comes from a xed shape where its thickness and height are obtained directly from b (see Figure 2) , however, the generalization to custom polygonal shapes is trivial. Towers and side parts of the bridges are generated separately, since they are not actually involved in the mechanical simulation.
On the other hand, all the mechanical properties are derived from m c and m d , cable and deck masses, and from E c and E d , cable and deck Young modulus, respectively. Finally, the aerodynamic loading input conditions are the wind free-stream speed U w , and the initial wind angle of attack α o ; self-weight loads are directly taken from the geometrical information.
In the following gures we present some meaningful output we can obtained from the dynamical analysis of the bridge, running in Autodesk Maya. As test case, we considered the Runyang bridge, the longest Validation tests All the numerical results are in agreement with more accurate analyses using the beam model that the present work implemented. Our implementation has been validated by an extensive campaign, and we report here the key results. More details on the capability of the beam model to numerically capture the nonlinear dynamical response of suspended bridges can be found in [9, 3] .
In order to show the accuracy of our numerical scheme we depict in Figure 4 the mid-point deection varying in time for the bridge-beam subject to a wind velocity U w = 70 m/s, corresponding to the utter velocity (see [3] ), and with a zero initial angle of attack α o . Our simulation is compared with the one obtained by the model proposed in [3] , here taken as reference, showing a good agreement between the two. By repeating several times such simulation for dierent values of wind velocity, we report in Figure 5 and in Figure 6 the maximum deection and the maximum twist angle computed in absolute value during the time evolution, respectively. Again, a good agreement is proved with the reference solution in [3] .
Computer-Aided Design & Applications, 16(6) , 2019, 1046-1062 Mechanical tests We report here two numerical tests relative to two dierent wind loading conditions. The rst one is a Heaviside step function multiplied by the utter velocity U w = 70 m/s, with the objective of appreciating the damping capacities of the structure. The second one is an oscillating function with amplitude equal to the utter velocity, so as to explore resonance conditions. Figure 7 shows for the rst test loading history, resulting deection and aeroelastic force. The wind velocity is zeroed after t = 200 s. Starting from this time, oscillations reduce in a damping phase elapsed in about 100 s. The results referred to the second test are summarized by Figure 8 . After a smooth increasing, the wind velocity is set to a sinusoidal function with a frequency equal to the rst vibration mode of the structure, i.e., 0.092 Hz circa. Due to the damping capacity, the structure does not exhibit increasing vertical displacement amplitudes, although it works closely to the resonance. As well known, such a type of analyses are useful to investigate dynamic instability, by considering wider ranges of forcing amplitudes.
In Figure 9 we show few frames extracted from the bridge live animation while the utter analysis runs In the rst frame the structure is in the initial deformed conguration under self-weight loads. Then, a velocity eld equal to utter conditions is imposed. Hence, the whole bridge starts oscillating, and then, in the last frame we can clearly see vertical and torsional displacements of the cross section of the deck.
We nally mention the capabilities of the code to appreciate the beam stress component distributions eld by color maps directly done on the rendered deforming structure, as reported in Figure 10 . Benchmarks In Figure 11 we report the comparison between the Autodesk Maya rendering time and our numerical solver's. As one can easily appreciate, per each time step the mechanical solution is obtained in roughly half the time employed in rendering. Moreover, as expected, both times decrease as the mesh size becomes coarser. We remind the reader that, in our context, the mesh size has to be intended as non-dimensional, equal to 1 /n, n being the number of 0-cells as introduced in Section 3.2.
A more interesting result is depicted in Figure 12 , where the scalability of the numerical solver is investigated. Here, the average mechanical analysis time is plotted against the total number of simulated time steps, showing a linear scalability. Such a feature proves to be not dependent on the mesh sizes.
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